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Abstract
In this paper we investigate the asymptotic validity of boundary layer
theory. For a flow induced by a periodic row of point-vortices, we compare
Prandtl’s solution to Navier-Stokes solutions at different Re numbers. We
show how Prandtl’s solution develops a finite time separation singularity.
On the other hand Navier-Stokes solution is characterized by the presence
of two kinds of viscous-inviscid interactions between the boundary layer
and the outer flow. These interactions can be detected by the analysis
of the enstrophy and of the pressure gradient on the wall. Moreover we
apply the complex singularity tracking method to Prandtl and Navier-
Stokes solutions and analyze the previous interactions from a different
perspective.
1 Introduction
The study of the behavior of a high Reynolds number (Re) fluid interacting
with a solid boundary is a central problem in the mathematical analysis of fluid
dynamics. Due to the no-slip boundary condition, the convergence of Navier-
Stokes (NS) solution to Euler solution, as Re→∞, fails, and Prandtl boundary
layer equations must be used to resolve the flow close to the boundary. We
mention the papers [36, 37, 3, 24] where, for analytic initial data, the authors
prove the convergence of NS solutions to Euler and Prandtl. The zero viscosity
limit was also considered in [18, 40, 20], where the authors introduce criteria
based on a priori estimates of energy dissipation in a viscous sub layer, and in
[29] where the author employs the assumption that, initially, the vorticity close
to the boundary is zero. Strong convergence of Navier-Stokes to Euler solutions
in L2 spaces is given in [26, 27] with a symmetry assumption. In [8, 28, 19, 17, 43,
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1, 2, 30, 10], the authors study the inviscid limit of the two-dimensional Navier-
Stokes equations in the case of a Navier friction boundary condition. Conditions
on the well-posedness of Prandtl’s equation are given in [4, 25, 44, 22, 5], while
results on the ill-posedness are in [15, 16]. The problem of the well posedness of
Prandtl’s equation is also related to the finite time singularity formation that
has been observed for many significant flows (see for example [41, 34, 6]). At
the singularity time the normal component of the velocity becomes infinite with
ejection of vorticity and flow particles from within the boundary layer into the
outer flow; the consequent breakdown of the assumptions on which Prandtl’s
equation are based on signals the limit of the classical boundary layer theory.
However Prandtl and NS solutions begin to show a quantitative disagreement
prior to Prandtl singularity formation: in fact, various interactions between the
viscous boundary layer and the inviscid outer flow develop in NS flow. These
interactions behave in a different manner from that observed in the Prandtl
boundary-layer, and as observed in other initial flows (see [6, 13, 14]), they
act over different length scales and they influence the flow evolution in a very
different manner. The first interaction, called large-scale (LS) interaction, is
found to occur for all finite Reynolds numbers, and it signals the time when the
comparison between Navier-Stokes and Prandtl’s solutions begins to show some
quantitative discrepancies. The small-scale (SS) interaction develops only for
moderate to high Reynolds numbers (generally Re ≥ O(104)). This interaction
is marked by large gradients along the streamwise to the boundary variable,
a chaotic formation of small-scale vortical structures and a large amount of
vorticity production on the boundary that, in turn, leads to the growth of
enstrophy. This growth, caused by the collision on the wall of the various
vortical structures that forms during the separation process, is absent both in
Prandtl solutions as well in NS solutions for low Re.
In this paper we shall investigate these interactions in a flow induced by a vortex
array.
2 Statement of the problem and numerical pro-
cedures
Our case study consists of an infinite row of point-vortices immersed in a 2D
viscous incompressible flow at rest at infinity and bounded by an infinite rec-
tilinear wall. In a cartesian frame the vortices are centered in (ma + pi, b)mǫZ,
where b is the distance of the row from the wall and a is the distance of be-
tween two consecutive vortices. All the vortices have strength k. We study the
system in the reference frame comoving with the vortices. The initial data for
the streamwise and normal velocity components are u0 = ∂yΨE , v0 = −∂xΨE,
where
ΨE(x, y) = −Ucy − k
4pi
log(
cosh(2πa (y − b/2))− cos(2πa (x− pi))
cosh(2πa (y + b/2))− cos(2πa (x− pi))
) (1)
is the streamfunction of the inviscid steady Euler solution for the vorticity con-
figuration described above, while Uc =
k
2a cosh(pib/a), see [23]. This is an a-
periodic datum, and the velocity components obtained are such that u = k/a,
v = 0 at y = 0, u, v → 0 for y → ∞. We set a = 2pi, k = 2a and we solve our
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problem in the domain [0,2pi]x[0,∞). Using b and Uc as characteristic length
and velocity, NS equations in the vorticity-streamfunction formulation are:
∂ω
∂t
+ u
∂ω
∂x
+ v
∂ω
∂y
=
1
Re
∆ω, (2)
∆ψ = −ω, (3)
u =
∂ψ
∂y
, v = −∂ψ
∂x
, (4)
ω(x, y, t = 0) = ω0 = 4piδ(π,1), ψ(x, y, 0) = ΨE (5)
ω(x, y →∞, 0) = 0, ω(0, y, t) = ω(2pi, y, t) (6)
u(x, 0, t) = − coth(1), v(x, 0, t) = 0. (7)
In the above equations the Reynolds number is defined as Re = bUc/ν, being ν
the kinematic viscosity.
The initial vorticity is singular and to avoid this initial singularity we approx-
imate the initial solution by convolving it with the gaussian mollifier Φσ(x, y) =
1
σ2π e
−
(x2+y2)
σ2 , obtaining the regularized vorticity ωσ = ω0∗Φσ = 4piΦσ(x−pi, y−
1). This is a typical procedure used in computational vortex methods when the
initial data have point singularities (as in [13]) or for vortex-sheet motion (as
in [38]). In the NS calculations we have chosen σ2 = 5 × 10−3. As ψ → ∞
for y → ∞ we truncate the computational domain at a finite value ymax of the
normal variable. Following what proposed in [13] for the rectilinear vortex case,
we chose this value requiring that the vorticity remains negligible for y > ymax
for all computational time. We take ymax = 6 for all the Re numbers, which
we find to be large enough to satisfy the required condition for the vorticity as
we have checked that for y > 6 no relevant differences arise between the various
solutions.
Prandtl’s equations for this setup are:
∂u
∂t
+ u
∂u
∂x
+ V
∂u
∂Y
− U∞ ∂U∞
∂x
=
∂2u
∂Y 2
, (8)
∂u
∂x
+
∂V
∂Y
= 0, u(x, Y, 0) = U∞, (9)
u(x, 0, t) = − coth(1), u(x, Y →∞, t) = U∞,(10)
u(0, y, t) = u(2pi, y, t), (11)
where U∞ = ∂yΨE|y=0 is the inviscid solution of the outer flow.
The system (2)-(7) is solved with a Galerkin-Fourier method in the stream-
wise variable, while the Chebyshev-collocation method is used in the normal
variable. This ensures fully spectral convergence, see [35]. The temporal dis-
cretization used is the Adams-Bashforth-Implicit Backward Differentiation method,
and to find the necessary vorticity boundary condition, the influence matrix
method [35] is used. The description of the numerical techniques used to treat
the initial singular vorticity and the infinite normal domain can be found in
[13]. Numerical solutions for Reynolds numbers ranging from 103 up to 5 · 104
are computed, with computational grids up to 8192× 1025 points for the higher
Reynolds numbers. To solve Prandtl system (8)-(11) we have used the fully spec-
tral numerical scheme used in [12] and a computational grids up to 4096× 1025
points.
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3 Prandtl’s Solution
In this section we shall describe the main physical events leading to singularity
formation for Prandtl’s equation, and we shall apply the singularity tracking
method to detect the time at which singularity forms.
The formation of a recirculation eddy detached from the wall is the first
relevant physical event in Prandtl’s solution. It occurs at t ≈ 0.28, and it
is due to the adverse streamwise pressure gradient (the term U∞
∂U∞
∂x in (8))
imposed by the outer flow . This recirculation region can be observed in Fig.1(a)
where the Prandtl’s vorticity ωP = −∂Y u is shown at t = 0.5, along with some
pathlines of fluid particles followed from t = 0.4 up to t = 0.5. The pathlines
rotate clockwise above the zone of positive vorticity where the recirculation
region is formed. As time passes this eddy thickens rapidly in the streamwise
direction, and a spike in vorticity contours forms at t ≈ 0.86. This is visible in
Fig.1(b) at t = 1 where also the pathlines are shown: the pathlines experience a
rapid transition in the normal direction, meaning that fluid particles are ejected
from within the boundary layer to the outer flow.
To characterize the singularity of Prandtl’s solution, we apply the singularity
tracking method (see [39]). This method has been widely used to characterize
the singularity formation for ODEs and PDEs (see [39, 42, 33, 11, 12, 9]). We
write the Fourier-Chebyshev expansion of Prandtl’s solution (see [12] for the
details):
u(x, y, t) ≈
k=M/2∑
k=−M/2
j=N∑
j=0
ukj(t)e
ikθTj(y) , (12)
where Tj(y) are Chebyshev polynomials of the first kind. In this way we can
apply the singularity tracking method to the shell-summed Fourier amplitudes
defined as
AK ≡
∑
K≤|(k,j)|<K+1
|uk,j |, (13)
which have the following asymptotic behavior ([33]):
AK ≈ CK−(αP+1) exp (−δPK), for K →∞. (14)
In the above formula δP gives the width of the analyticity strip while the alge-
braic prefactor αP gives informations on the nature of the singularity. By per-
forming a fitting procedure on the parameters δP and αP , we find that δP ≈ 0
at ts ≈ 1, revealing the singularity formation, while the characterization of the
singularity at ts is αP ≈ 1/3. We notice that the characterization αP ≈ 1/3 is
the same obtained in [12] for the impulsively started disk.
4 Navier–Stokes Solution
In this section we compare Navier-Stokes solutions at different Re numbers
(103, 104 and 5 · 104), with the solution of the boundary layer equations. More-
over we shall describe the viscous–inviscid interactions between the viscous
boundary layer and the outer flow which characterize Navier-Stokes solutions.
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(a) t = 0.5
(b) t = 1
Figure 1: The vorticity contour levels of Prandtl’s solution at time t = 0.5 and
time t = 1 (red colors positive vorticity, blue color negative vorticity). In these
figures the pathlines of flow particles are also show. In a) the recirculation
region has already formed, and the pathlines followed from t = 0.4 to t = 0.5,
begin to rotate clockwise in the region above the positive vorticity. In b), just
prior the singularity formation, a spike is visible in the vorticity contour, and
the pathlines, followed from t = 0.9 to t = 1 experience a rapid transition in the
normal direction in the streamwise position xs ≈ 2.86
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4.1 LS interaction
In the literature of the recent years it was proposed to analyze the streamwise
pressure gradient ∂xpw = − 1Re∂yω|y=0 at the wall in order to evaluate when the
viscous–inviscid interaction begins: this was performed in [6, 31] for the thick
core vortex case, and in [13] for the rectilinear vortex. The idea behind this
approach lies in the fact that for Prandtl’s equation the streamwise pressure
gradient is imposed by the outer flow and, in the case of stationary Euler so-
lution, it is constant in time: therefore any variations of ∂xpw in Navier-Stokes
solution is a good indicator of the beginning of the viscous-inviscid interaction.
In Figs.2(a)-2(b) we show the time evolution of ∂xpw starting at t = 0.2 un-
til t = 0.5, with increments of 0.1 for Re = 103, 5 · 104 . It was proposed in
[13] that the interaction begins when an inflection point in ∂xpw forms close to
its maximum, and in this case this happens at time tLS ≈ 0.33, 0.34, 0.38 for
Re = 103, 104, 5 · 104 respectively. The time of this first interaction, which in
the literature is known as large–scale (LS) interaction scale , is quite early with
respect to theoretical prediction of boundary layer theory, according to which
the viscous–inviscid interaction begins at the singularity time. Moreover LS -
interaction has no resemblance with the viscous-inviscid interaction developed
by Prandtl’s solution at ts: in fact no vorticity ejection from the boundary layer
is visible, and no large gradient in the streamwise variable forms. For instance
in Fig.3(a) the vorticity is shown at t = 0.5 along with the pathlines of same
particles fluid followed from t = 0.4 to t = 0.5: no vorticity ejection phenomena
are visible (they appear at later time) and no spiky behavior is visible in the
vorticity as it happens in Prandtl’s vorticity at ts (see Fig.1(b)).
4.2 SS interaction
The LS-interaction is the precursor, in the case of moderate–high Re numbers
(Re ≥ O(104)), of another interaction acting on a smaller scale (SS-interaction).
This new interaction is characterized by the formation of large gradients in the
streamwise variable and, physically, by the continuous formation of small-scale
vortical structures within the boundary layer. These structures first separate
from the wall; then, due to their reciprocal interactions, they are driven back
toward the wall, leading to a large vorticity production and the consequent
growth of the enstrophy and decrease of energy. To show how the evolution of
the enstrophy is a good indicator of this phenomenology, we write the equation
governing the enstrophy evolution in the boundary layer D = [0, 2pi]× [0, YBL]
where YBL is large enough so that all the relevant phenomena occurring in the
boundary layer are captured. This equation is:
dΩ(t)
dt
= − 2
Re
‖∇ω‖2L2(D) + 2Ip(t) +NT (15)
where Ω(t) = ‖ω‖2L2(D) and:
Ip(t) =
∫ 2π
0
ω|y=0 · ∂xpwdx, NT =
2
Re
∫ 2π
0
(ω · ∂yω)|y=YBL dx .
The NT term is negligible because at y = YBL the vorticity ω is very small, and
therefore we shall not consider this terms in the rest of our analysis. The only
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−5
0
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∂xpw
t = 0.2
t = 0.5
x
(a) Re = 103
0 1 2 3 4 5 6−10
−5
0
5
10
∂xpw
t = 0.2
x
t = 0.5
(b) Re = 5 · 104
Figure 2: The time evolution of ∂xpw for Re = 10
3, 5 · 104 number (time step
of 0.1). Large–scale interaction begins when an inflection point forms in ∂xpw,
and this happens at time tLS ≈ 0.33, 0.38 for Re = 103, 5 · 104 respectively.
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(a) Re = 103, t = 0.5 (b) Re = 103, t = 1
(c) Re = 103, t = 2 (d) Re = 103, t = 3
Figure 3: The vorticity (red colors positive vorticity, blue color negative vor-
ticity) and the pathlines of fluid particles for Re = 103 at time t = 0.5, 1, 2, 3.
The pathlines are followed in temporal intervals [0.4, 0.5], [0.9, 1], [1.9, 2], [2.9, 3].
A big core of negative vorticity detaches from the wall and moves toward the
main vortex. During its motion this big core never impinges on the wall, and
no other vortical structures detach from the wall.
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way for the enstrophy to increase is via the integral term Ip which is related to
the vorticity and to the vorticity flux at the boundary: when a vortical structure
impinges on the wall a large amount of vorticity is produced and the enstrophy
therefore grows. In Fig.15 it is shown the enstrophy evolution for Prandtl’s
solution and for the various NS solutions (in this case we rescale the enstrophy
with a factor Re−1/2). While for Prandtl and NS at Re = 103 the enstrophy
decreases monotonically, several peaks are present for Re = 104, 5 · 104. For
these high Re numbers the vortical structures form continuously and after the
detachment from the boundary they impinge on the wall. This leads to a strong
ejection of flow particles from the boundary and the growth of the enstrophy (
see Figs.4(a)-(d) for the pathlines and the vorticity contour at Re = 104). On
the other hand, the behavior at lower Re numbers is quite different. In fact for
Re = 103 the enstrophy decreases because the big core of negative vorticity that
form during the separation process, visible in Figs.3(a)-3(d) at different times,
detaches from the wall, moves toward the main vortex until they interact, and
does not impinge on the wall. This different temporal behavior of the enstrophy
for the two Re number regimes was also observed for the rectilinear vortex case
[13], and for a dipole-vortex [21, 32]. We observe that the first peak in the
enstrophy evolution forms earlier for Re = 5 · 104 than for Re = 104, although
the LS-interaction forms earlier for Re = 104. This confirms what observed in
[6, 13] for other flow, i.e. that the LS-interaction formation strongly accelerates
the SS-interaction because the temporal gap between the beginning of the two
interaction decreases as Re increases.
The physical effects of the SS-interaction have similarities with the effect due
to the singularity formation for Prandtl’s equation: in fact, there are large gra-
dients forming in the solution in the streamwise variable, and a strong eruption
of flow particles from the boundary layer. This leads to the conjecture that
as Re → ∞, LS and SS interactions merge together and they are a unique
interaction forming at the time at which Prandtl’s singularity occurs. To give
strength to this conjecture we can perform the singularity analysis to NS solu-
tion, and in particular we analyze the streamwise velocity component u of NS
solution within the boundary region D defined at the beginning of this section.
We track the the width of analyticity strip δNS and the characterization αNS of
the main complex singularity of the solution by applying the singularity track-
ing method. In Fig.4.2 we can observe that δNS(t) has a minimum δ
m
NS that
forms closer to ts as Re increases. We can therefore expect that as Re → ∞
the main complex singularity of NS solution behaves like Prandtl’s singularity
and δmNS → 0 as Re → ∞. Regarding the characterization αNS we find for all
the Re that αNS ≈ 1/2, while αP ≈ 1/3. A similar characterization was also
detected in [14] for impulsively started disk initial datum. In this work it was
supposed that αNS and αP are strongly influenced by the viscous-inviscid inter-
actions occurring during the flow evolution. Therefore a discrepancy between
the values αNS and αP is likely to occur.
5 Conclusion
We have computed the solutions of 2D Prandtl and Navier-Stokes equations
in the the case of a vortex array interacting with a wall. Prandtl’s equations
develop a separation singularity at ts ≈ 1. The unsteady separation process for
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(a) Re = 104, t = 0.5 (b) Re = 104, t = 1
(c) Re = 104, t = 2 (d) Re = 104, t = 3
Figure 4: The vorticity (red colors positive vorticity, blue color negative vortic-
ity) and the pathlines of fluid particles for Re = 104 at time t = 0.5, 1, 1.5, 2. The
pathlines are followed in the temporal intervals [0.4, 0.5], [0.9, 1], [1.4, 1.5], [1.9, 2].
Several cores of negative vorticity detach from the wall and moves toward the
main vortex. During their motion these structures impinge on the wall leading
to the growth of the enstrophy (see Fig.5).
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32
 
 
Prandtl
NS-Re = 103
NS-Re = 104
NS-Re = 5 · 104
t
Ω(t)
Figure 5: The temporal evolution of Prandtl enstrophy ΩP (t) = ‖∂Y u‖2L2
and the rescaled NS enstrophy Ω(t)/
√
Re at different Re number. Up to
LS-interaction the good comparison reflects the good agreement between NS
and Prandtl’s solutions. During the SS-interaction the enstrophy for Re =
104− 5 · 104 strongly differ from the cases Re = 103 and Prandtl: this is due to
the interactions of the vortical structures within the boundary layer.
1 1.1 1.2 1.3 1.4 1.50
0.05
0.1
0.15
 
 
Re = 103
Re = 104
Re = 5 · 104
t
δNS(t)
Figure 6: Temporal evolution of δNS for various Reynolds number. At time
ts = 1, δNS approaches zero as Reynolds number increases. Then it reaches a
minimum (δmNS) . The time at which δ
m
NS forms becomes closer to ts as Reynolds
number increases.
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Navier-Stokes solutions reveals a different behavior from Prandtl’s case. In par-
ticular there are two kinds of interaction between the viscous boundary layer
and the inviscid outer flow . The LS interactions is found to occur for all
Reynolds numbers considered, and it is characterized by discrepancies arising
between the streamwise pressure gradient at the wall and the same quantity
imposed by Prandtl’s solution. The SS interaction occurs only for moderate to
high Reynolds numbers (Re ≥ O(104)), and it is marked by the formation of
large gradients in the streamwise variable, and the formation of vortical struc-
tures within the boundary layer leading to a complicate flow dynamics revealed
also by the growth of the enstrophy. This growth, caused by the collision of the
vortical structures on the wall, is absent both in Prandtl solutions as well in NS
solutions for low Re number.
The various interactions occurring in Prandtl and Navier-Stokes solutions have
been investigated by performing a complex singularity analysis on the stream-
wise velocity component u. This analysis shows that Prandtl’s singularity can
be characterized as a cubic-root singularity. On the other hand the width of the
analyticity strip of the Navier-Stokes solutions reaches a minimum value δmNS
decreasing as Reynolds increases, and it forms in a time which is closer to ts
as Reynolds number increases, supporting the conjecture that δmNS → 0 at ts as
Re→ ∞. The primary difference between the analysis of the spectrum of u as
compared to that from Prandtl’s solution is the characterization obtained from
the rate of algebraic decay of the shell summed amplitudes. For Navier-Stokes
solutions it has been found that αNS ≈ 1/2 for all Reynolds numbers considered,
while the prediction of boundary-layer theory is that αP ≈ 1/3. This discrep-
ancy can be explained by the presence of the LS and SS interactions that act in
a different manner on the flow evolution as compared to the viscous-inviscid in-
teraction present as Re→∞. We plan to investigate on the characterization of
Navier-Stokes main complex singularity for very high Re numbers (Re ≥ 106).
Moreover these very high Re are characterized by the possible presence of a
Rayleigh instability (observed in [7] for the thick-core vortex case): it is our
intention to detect if this instability is present also for other initial data and if
there is any link with the complex singularity of Navier-Stokes solution.
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